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INTRODUCTION

A P-value is the probability of observing a result as

extreme or more extreme than that observed given that the

null hypothesis (H0) is true. To be able to calculate a P-

value, one thus requires at least three things: a null hy-

pothesis, a probability model, and an agreed ordering of

the possible outcomes, so that those that are more extreme

than those actually observed may be identified. This

ordering is generally conveniently arranged in terms of a

‘‘test statistic’’ T so that higher or lower values of T, as

the case may be, or higher absolute values (as perhaps in

two-sided P-values) identify more extreme cases. In fact,

the requirement to order the outcomes also generally en-

tails a fourth requirement—that all possible relevant

outcomes have been defined or restricted. These relevant

outcomes form the so-called sample space. Usually, be-

cause P-values are a frequentist concept, the sample space

is defined in terms of the possible outcomes that could

occur from an infinite repetition of the experiment (e.g., a

clinical trial).

In practice, it often turns out to be far from simple to

agree what exactly such an infinite repetition would look

like. For example, the trial protocol may not have fixed

exactly in advance the number of patients on each arm,

even if the trial is not a sequential trial; yet except where

the trial is a sequential trial, generally no account is taken

of this. In the analysis of binary data, a 2� 2 table is often

formed, and it is common (but not uncontroversial) to

condition on both margins, even though one of them will

not have been fixed at all in advance and even though the

other may only have been fixed approximately.

These and other difficulties, which will be discussed in

due course, mean that P-values have been a critical fail-

ure. However, if frequency of use is any guide, they have

also been a huge popular success. It seems that P-values,

despite having been banned by at least one journal, are

here to stay for the foreseeable future.

HISTORY

David,[1] in an article attempting to trace the first use of

statistical terms, could find no use of the term ‘‘P-value’’

earlier than that of Brownlee[2] in 1960. However, similar

phrases were certainly used by Fisher[3] as early as 1922

(e.g., ‘‘values of P’’) and the first use of the concept is

often dated to be at least two centuries earlier than that,

with the famous significance test of Arbuthnot.[4]

According to Arbuthnot, ‘‘Among innumerable Footsteps

of Divine Providence to be found in the Works of Nature,

there is a very remarkable one to be observed in the exact

Balance that is maintained, between the numbers of Men

and Women.’’ Arbuthnot had data on the christening of

male and female children from London for the years

1629–1710. In each of these years, there was an excess

of male christening, which he took to reflect an excess

of births, which excess he regarded as necessary to

compensate for higher male mortality. He then proceeds

to calculate the probability of such a result occurring by

chance. Observing that there is a finite but small

probability of an exact equality of the sexes, Arbuthnot

makes a conservative concession to what we would now

call the ‘‘null hypothesis’’ by assuming that the prob-

ability of an excess of male births in a given year is 0.5.

He then argues that the probability of such an excess 82

years in row is (1/2)82, ‘‘which will be found easily by

the Table of Logarithms to be 1/48360 0000 0000 0000

0000 0000,’’ going on to conclude, ‘‘from whence it

follows that [it] is Art, not Chance, that governs.’’

Arbuthnot’s probability can clearly be interpreted as a

P-value but it is an atypical representative of the species

because Arbuthnot has the most extreme case—all years

show an excess of male births.[5] In fact, Arbuthnot’s

probability can be given two further alternative inter-

pretations. Because it only reflects the observed result

(and does not include more extreme cases), it is also a

likelihood. In fact, as a function of the value of the

probability of the parameter in question—the probability

of an excess of males births in a given year, say y—and

assuming a Bernoulli process, we have the likelihood

as L(y) = y82, which Arbuthnot merely calculated as

L(1/2). Yet another interpretation can be given. If

Divine Providence is intervening to maintain the excess

of male births, then the likelihood of observing such an

excess is 1. Thus the ratio of likelihoods for the ob-

served data given the hypothesis of ‘‘chance’’ (under

Arbuthnot’s assumption) to that given the hypothesis

of Divine Providence is also given by the probability

calculated by Arbuthnot.
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An early example of a P-value that incorporates the

more usual difficulty of having to be calculated when the

most extreme chance has not occurred is given in the

prize-winning essay of Bernoulli[6] in 1734. This

considers, among other matters, whether the then known

(six) planets had orbits that were coplanar to a degree that

cannot be explained by chance. Bernoulli looks at this

question in a number of different ways. One of these

compares the planetary orbits to the sun’s equator with the

following results:

Mercury 2�56’
Venus 4�10’
Earth 7�30’
Mars 5�49’
Jupiter 6�21’
Saturn 5�58’

The most extreme of these is that of the Earth at 7�30’.
Because the maximum possible is 90�, this is 7�30’/
90� = 1/12. Bernoulli then argues that the probability

that all six planets have inclinations to the sun’s equator

of less than 7�30’ is (1/12)6 = 1/2985984, thus conclud-

ing that this is no coincidence.

Bernoulli’s example has more difficulties than Arbuth-

not’s example. He does not have the most extreme case

and is thus on the horns of a dilemma. Either he would

have to conclude that the pattern is uninteresting (the

theory of exact coplanar orbits being clearly falsified), or

he has to include the more extreme cases, otherwise he

would get the same answer whatever the arrangement. For

instance, if the precision to which the planetary orbits

can be measured is 1 min, or 1’/90� = 1/5400, then

the probability of any observed arrangement is sim-

ply (1/5400)6’1/(2.5� 1022) so that if a small probabil-

ity of the observed result were a reason for rejecting the

null hypothesis, it would be rejected whatever the result.

This particular difficulty is one that critics of the P-value

have repeatedly stressed.

If we turn to the more recent history of P-values, then

Fisher is often credited (or blamed) for their popularity.

This appears to be a result of his espousal of significance

tests, with which P-values are often regarded as being

closely associated. There are several problems with this

view, however. The first is that tail area probabilities (for

that is what P-values are) were calculated long before

Fisher. Indeed, they were used by both Student[7] and

Pearson,[8] both of whom were Bayesians, and the latter

gives them the modern interpretation of the probability of

a result as extreme or more extreme than that observed.

The second reason is that it was actually Fisher, together

with Yates in their joint tables, who introduced the habit

of inverse tabulation using fixed percentage points such as

5%, 1%, etc.[9] This accords more easily with the practice

of noting whether a result is or is not significant at a given

significance level than with calculating the tail area

probability. The third reason is that there is no unique

association between P-values and the Fisherian signific-

ance test to the exclusion of the Neyman–Pearson

hypothesis testing framework. As Lehmann,[10] writing

within the latter framework, puts it:

In applications there is usually available a nested family

of rejection regions, corresponding to different signific-

ance levels. It is then good practice to determine not only

whether the hypothesis is accepted or rejected at the given

significance level, but also to determine the smallest

significance level ~a ¼ ~aðxÞ, the significance probability or

p-value, at which the hypothesis would be rejected for the

given observation.

Whatever the reason, whoever is or are historically

responsible for promoting P-values as an inferential de-

vice, their widespread use cannot now be denied. For

example, although there have been considerable efforts in

recent years by medical statisticians to promote the use

of confidence intervals when reporting the results of

clinical trials[11] and although others have suggested how

Bayesian approaches might be employed,[12] it is still the

case that the overwhelming proportion of papers pub-

lished in the medical literature will not only use P-values

but will also give them pride of place in both abstract and

report. This is true despite the fact that research has

shown that physicians do not even understand how P-

values are defined, let alone their properties.[13,14] Some

of these properties are examined below.

DISTRIBUTION OF THE P-VALUE

Under the null hypothesis, when based upon a continuous

statistic, the P-value has a uniform distribution U(0,1) (see

below), so that every value between 0 and 1 is equally

likely. As Fisher[15] noted in 1932, in the fourth edition of

his famous book, Statistical Methods for Research Work-

ers, it thus follows that minus twice the logarithm of

the P-value has a chi-square distribution under the null

hypothesis. This can be used to combine the results of

independent tests to perform a sort of meta-analysis (to

use a more modern term), because if k in such log-

transformed P-values is added, the distribution is w2k
2.

Where a problem is well structured in the sense that a

model is specified up to an unknown parameter y, then

likelihood is a far superior device to the P-value for

examining the support afforded by the data to different

possible values of y. Even in the less well-structured
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case where the model has one or more nuisance

parameters, the profile likelihood will form a better way

of investigating support for given values of y. Neverthe-

less, if for no other reason than their use is so common, it

is useful to get some general feelings for the distribution

of the P-value under the family of alternative hypo-

theses, as it increases understanding of the way P-values

behave and thus serves as a warning against rash

interpretation. A number of authors have looked at this

(e.g., Refs. [16–19]), but it is implicit in many older

Bayesian criticisms of P-values.[20,21]

Take a simple but unrealistic case, which can never-

theless act as an approximation to many more realistic

cases, where T is distributed normally with known stand-

ard error sT and unknown mean E(T) = y. We assume

that under H0, y = 0. Suppose, most simply, that we are

interested in a one-sided P-value and suppose without

further loss of generality that we regard lower values of T

as more ‘‘extreme.’’ (In the hypothesis testing framework,

this would apply if we had as alternative hypothesis H1:

y < 0.) As a function of an observed value t of T, the P-

value is then defined as P(t) = P (T < t|y = 0). In this

case, we have:

PðT < t j y ¼ 0Þ ¼ PðT=sT < t=sT j y ¼ 0Þ
¼ Fðt=sTÞ ¼ FðzÞ

where F(.) is the distribution function of the standard

normal and z is the ratio of statistic to standard error,

which will have the standard normal distribution under

H0. If Z is a random standard normal deviate, then its

probability density function (pdf) is f(z), where f(.) is

the pdf of the standard normal. On the other hand, under

the alternative hypothesis, we require:

PðT < t j y ¼ DÞ
¼ PfðT � DÞ=sT < ðt � DÞ=sT j y ¼ Dg
¼ Fðt=sT � D=sTÞ ¼ Fðz � D=sTÞ

so that the pdf of Z is:

fðz � D=sTÞ ð1Þ

However, if P = F(z) is the P-value, then we have

dz = dP/f(z), z = F� 1(P) so that making the necessary

substitutions in Eq. 1, we have the pdf of P as:

ffF�1ðPÞ � D=sTg
ffF�1ðPÞg

ð2Þ

which is clearly equal to 1 when the null hypothesis is true

and hence D = 0.

It may be instructive to reparameterize Eq. 2 in terms

of the power C(D,sT) of a significance test associated

with a given significance level a. We then have:

CðD; sTÞ ¼ PfT=st < F�1ðaÞ j y ¼ Dg

¼ FfF�1ðaÞ � D=sTg

which we may solve for D/sT to obtain:

D=sT ¼ F�1ðaÞ þ F�1ðbÞ ð3Þ

where b = 1�C is the ‘‘Type II error rate.’’ Substitut-

ing Eq. 3 in Eq. 2, we obtain:

f½F�1ðPÞ � fF�1ðaÞ þ F�1ðbÞg�
ffF�1ðPÞg

ð4Þ

Fig. 1 illustrates the probability density of the P-value for

different values of the type I error rate (‘‘size’’) and

power. It should be noted that as the power increases, for

any P-value, however small, eventually a point will be

reached where the result is more probable under the null

hypothesis than under the alternative hypothesis. In the

family of curves represented in Fig. 1, the break-even

point is reached when the power is 97.5% for a test with

2.5% size and the P-value is observed to be exactly 0.025.

(For the higher power of 99%, the pdf is actually lower

under the alternative hypothesis rather than the null

hypothesis.) This is because where the Type I and Type

II error rates are identical to the P-value, the point

estimate must be halfway between the clinically relevant

difference and zero and thus gives equal ‘‘support’’ to

these two.

An alternative way of looking at this is to consider the

likelihood for a given P-value and predetermined size as a

function of the power. We may do this by taking the pdf

given by Eq. 4 and considering this as a function of 1�b
for a given P rather than as a function of P for a given b.

(The size and power together merely determine the

noncentrality parameter so that this is simply another way

of looking at the likelihood as a function of the

noncentrality parameter. However, although it is reveal-

ing to look at the likelihood of the P-value to gain

theoretical understanding, in practice, such analysis

should never be performed on the P-value scale.)

A family of curves is given in Fig. 2. The curves all

correspond to P-values that would conventionally be

considered significant, the least significant being P =

0.025. Initially, as the power increases, the likelihood

increases. However, eventually a point is reached

where the likelihood declines so that a given P-value,

however significant, offers less plausible support for the

clinically relevant difference than for the null hypothesis

if obtained from a very large trial. This point is at the

heart of an important Bayesian criticism of P-values that
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will be considered in ‘‘Some Criticisms.’’ However,

before it is considered, one red herring must be dis-

posed of.

It is sometimes claimed that a significant result is more

convincing if it comes from a very large trial than from a

small one.[22] This would appear to contradict the

message of Fig. 2, which suggests that a given P-value,

especially if marginally significant, might be less

convincing from a large trail than a small one. In fact,

there is no contradiction. Two different things are being

Fig. 1 Probability density (logarithmic axis) of the P-value (for a limited range 0–0.1) for trials with differing power for a size of

2.5%.

Fig. 2 Log likelihood (scaled to be zero at maximum) as a function of power for a size of 0.025 (one-sided) for three different observed

P-values.
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discussed.[19,23] The one is a statement of the form

P 0.05; the other is a statement of the form P = 0.049

(say). The situation is that in the former case, if this is all

that is known (so that, for example, the statement P 0.05

does not imply 0.01P 0.05 because if P 0.01, this

would have been stated),[24] the result is more convincing

with increasing sample size. This is because, for a given

alternative, the likelihood of the observed result is, ef-

fectively, the power function. It is, of course, trivially true

that power increases with increasing power. However, for

the latter case, the likelihood is not the same as the power

and hence the situation illustrated in Fig. 2 is obtained.

SOME CRITICISMS

In this section, some criticisms (mainly Bayesian) of the

P-value are considered. The first relates closely to the

discussion above.

Jeffreys–Good–Lindley Paradox

As illustrated above, a consideration of the likelihood of a

given P-value shows that, eventually, as the sample size

increases, more support is given to the null hypothesis

than for any given value under the alternative hypothesis.

However, because the alternative hypothesis will typically

comprise an (often open) interval of values, it does not at

all follow that the parameter value under the null

hypothesis will be better supported than for every

parameter value under the null. This is the basis of the

Bayesian criticism that eventually as the sample size

increases, a given P-value is less indicative of the falsity

of the null and may eventually support it.[20,21,25] Below, a

simplified version of this paradox is presented.

Consider, for example, Eq. 2 not as a function of P but

as a function of D, so that it forms a likelihood for D.

Under H0, D = 0, and Eq. 2 = 1 so that the ratio of the

likelihood for some given value under the alternative

hypothesis is also equal to Eq. 2. However, f(.) is the pdf

of a standard normal, and this reaches its maximum when

the argument is zero so that because the denominator is

constant, Eq. 2 is maximized when:

F�1ðPÞ � D=sT ¼ 0

D ¼ sTF�1ðPÞ ð5Þ

at which point it equals:

fð0Þ
ffF�1ðPÞg

ð6Þ

This expression depends on P alone and so is constant for

a given P, whatever the power of the test, and would

appear to give support to what has been referred to as the

‘‘alpha postulate’’: equal P-values from different trials

given equal evidence against the respective null hypo-

theses. For example, if P = 0.025 (one-sided), the value

of Eq. 6 is ’ 6.8.

However, if one were to adopt a Bayesian perspective,

then one would have to consider the prior probability of a

given alternative hypothesis. These prior probabilities qua

prior probabilities do not change as data are obtained

(it is not permitted to change one’s prior beliefs) so

that the fact that there is always one possible value

under the alternative hypothesis that remains better sup-

ported than the null hypothesis is not directly relevant. If

this value is itself a priori unlikely—but others which

receive little support from the data are more likely given

that the alternative hypothesis is true—then the alternative

hypothesis as a whole may not be well supported.

If one wishes to choose between what Cox has referred

to as a precise hypothesis,[26] which is to say a null

hypothesis that specifies some precise value for the un-

known parameter (say D = 0), and an alternative hy-

pothesis that merely specifies a range for the parameter,

say D > 0, then a simple ratio of the form given by Eq. 4

is not appropriate. It is necessary to integrate the like-

lihood over the region of the hypothesis first.

Consider, for the moment, a common two-sided testing

problem and suppose now that we believe with probabil-

ity y that H0: D = 0 and hence believe with probability

(1�y) that H1: D 6¼ 0. Conditional on H1, we have a prior

distribution for D which is n(0,g2). Suppose that we run

a trial that will yield a standard error for our test statistic

T of st and that we observe t to within a precision of ±e.
Our predictive distribution for T = t given H0 is n(0,st

2),

so that the conditional probability of the observed result

is approximately:

2f
t

st

� �
e
st

ð7Þ

On the other hand, conditional on H1, the distribution is

n(0,st
2 + g2) so that we have a conditional probability of:

2f
tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
t þ g2

p
 !

effiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

t þ g2
p

 !
ð8Þ

The ratio of Eq. 7 to Eq. 8 is the factor:

f t
st

� �
f tffiffiffiffiffiffiffiffiffi

s2
t þg2

p
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
t þ g2

p
st

ð9Þ

by which the prior odds in favor of H0, y/(1� y), must be

multiplied in order to obtain the posterior odds. This is the

product of two ratios. For a given P-value, which implies

a given value of t/st, the first term approaches a limit,
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which is the ratio of the probability density at the

observed standardized value to the value at 0. However,

the same is not true of the second ratio. As the size of the

trial increases, st reduces, but g2 is unaffected and so the

second term of Eq. 9 can be made arbitrarily large as the

trial increases, and hence the factor by which the posterior

odds will be increased, arbitrarily large.

Violation of the Likelihood Principle

The likelihood principle, originally due to Barnard,[27]

states (roughly) that evidence about an unknown para-

meter in a model depends on the data only through the

likelihood. This means that the stopping rule is irrelevant.

However, in applying hypothesis tests to sequential trials,

it is usual to adjust the conclusion according to the

stopping rule. Thus such sequential analyses (obviously)

violate the likelihood principle as do hypothesis tests (at

least to the extent that they are given evidential in-

terpretations) and hence P-values.

This is a simple example from Pawatan.[28] Compare a

binomial and a negative binomial experiment to examine

an unknown probability y of success X, each with eight

successes out of 10 trials. For the binomial experiment,

n = 10 was fixed but for the negative binomial expe-

riment, it was determined in advance so that the trial

would stop as soon as there were two failures. The

likelihood in both cases is:

LðyÞ ¼ ky8ð1 � yÞ2

where k is some constant that does not depend on y.

Under the likelihood principle, inferences in the two cases

would be the same given identical prior distributions.

However, if we test H0: y = 0.5, then although the P-

value is given by P(X� 8|y = 0.5), the calculation is not

the same in the two cases. For the binomial, we have:

Pbin ¼
X10

x ¼ 8

10

x

� �
1

2

� �10

¼ 0:055

However, for the negative binomial, we have:

Pneg ¼
X1
x ¼ 8

ðx þ 1Þ 1

2

� �xþ2

¼ 0:02

Thus because we have the same likelihoods but different

P-values, there is a clear violation of the likelihood

principle. The implication of this would seem to be (at the

very least) that where we have well-structured models,

likelihood is preferable as a means of forming inferences

about the unknown parameter. This would only leave two

justifications, if at all, for using P-values. The first is

where the problems are so poorly structured that it is not

possible to form a likelihood. (Daniel Bernoulli’s would

be one, for example, where it appears very difficult.) The

second case would be as a means of helping to calibrate

the likelihood in multiparameter models, likelihood being

difficult to interpret under such cases. It may be noted

that, in fact, a common practice in sequential trials is not

to adjust the P-value for repeated significance tests but to

adjust the reference level to which the P-value is referred.

In fact, defining P-values in a way that reflects adjustment

directly can be extremely difficult as the ordering of the

sample space can be quite complex.

Repeatability of P-Values

A practical question of some interest in the context of

drug development is what is the probability of repetition

of the P-value. For example, given the observation

P = 0.05 in trial 1, what is the probability that P0.05

in trial 2? Goodman[29] has shown that this is plausibly

about 50%. A very simple intuitive understanding why

this is so may be gained by considering that if the median

for the predictive probability distribution for the point

estimate from the second trial is the point estimate from

the first trial, then there is 50% probability that second

point estimate will be closer to the null than was the first.

However, if the trial is the same size, the standard error

will be similar so that there is half a chance that the

standardized value will be less than it was before. But

because it was just significant from the first trial, there is

a 50% probability that it will not be significant from

the second.

This is a practical point that should be better un-

derstood, but it is not, contrary to what has been claimed,

an inferential weakness of P-values for a number of

reasons.[30] The first is that there is nothing special from

the inferential point of view of looking at the predictive

probability for a trial to follow of exactly the same size. If

the trial is much larger, then the probability of

significance is also larger. The second reason is that if

it were the case that a significant result carried with it a

high probability that a further result would also be

significant, then anticipated evidence would have the

same value as actual evidence, a paradoxical and unsa-

tisfactory state of affairs. In fact, in this respect, the

behavior of P-values closely resembles Bayesian proba-

bility statements.[30]

ISSUES AFFECTING THE USE
OF P-VALUES IN PRACTICE

In this section, some practical issues that affect the use of

P-values are discussed. The first is particularly relevant to

their use in drug development.
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Two-Trials Rule

It is unusual in the context of drug regulation that a

pharmaceutical sponsor will achieve the registration of a

pharmaceutical by presenting the results of a Phase III

program, which only contains one significant trial. A

convention, which is usually but not universally observed,

has arisen over the years that two Phase III trials should

be significant. In the simplest case, where there are only

two trials in the Phase III program, because the conven-

tional level of significance employed is 0.025 = 1/40

one-sided and if the results from both trials are regarded

as trustworthy, the overall Type I error rate for the

program becomes (1/40)2 = 1/16000 = 0.00625. If this

were the only purpose of the two-trials rule, the regulator

could be provided with equivalent protection by running

a single trial and requiring P < 0.00625, one-sided.[19,31]

To get some feel for this alternative requirement, we

may consider the unrealistic but instructive case where

data from the two trials we would run are homogenous,

the variance is known a priori, and the trials are of

identical design and size. If we use the common two-trials

rule, we require that the z-scores z1, z2, which is to say the

standardized differences from trials 1 and 2, should be

less than � 1.96 so that we have z1� 1.96. However, the

sum z1 + z2 has a variance of 2 and a standard error of
ffiffiffi
2

p

and because the quantile of the standard normal

corresponding to 0.00625 is � 3.227, this alternative

requirement would have z1 þ z2  �3:227
ffiffiffi
2

p
¼ �4:564.

Note that if this alternative requirement is adopted,

then individual P-values of 0.025 one-sided will no longer

produce significance. The minimal P-value requirement

that would guarantee significance if both trials satisfied

it would now be one corresponding to F(� 4.564/

2) = F(� 2.282) = 0.011. On the other hand, there is

no requirement for both P-values to attain this limit

because significance attained in one is traded off against

the other.

However, this alternative approach (which is almost

identical, under these circumstance, to an analysis of the

pooled data fitting trial as a block) would be more

efficient. The only advantage of the common current

approach would be if one feared that every now and then

circumstances would arise to make a trial result unusable.

If that is feared, however, the very common current

practice of running two similar trials with almost identical

 

Fig. 3 Contour plots of global P-values calculated from individual P-values from two trials according to four different methods.
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protocols recruiting similar patients in similar centers

makes no sense.[19]

Other Approaches to Combining P-Values

Where a number of trials has been carried out, it may

sometimes (rather rarely in practice) be desirable to

combine the results using P-values alone. Fisher’s

approach has already been discussed above. An early

alternative proposal is that of Tippet, which simply uses

the minimum P-value to judge the significance of the

result. If k trials are being combined, then the probability

under H0 that the minimum P-value is at least as low as

the observed minimum value is:

PTippet ¼ 1 � ð1 � PminÞk ð10Þ

This is a slightly sharper adjustment than the common

Bonferroni adjustment of kPmin for target significance for

multiplicity because it exploits the independence of the P-

values under the null for a series of trials.[32] Yet another

approach is to base a test on the sum (or equivalently the

average) P-value.[33]

Fig. 3 illustrates the contours of ‘‘global’’ P-values for

four of these schemes for the case where there are two

trials. However, in practice, meta-analytic approaches

using original data are superior and because the sponsor

usually has access to all data, there is no reason to

summarize the results of a drug development using a

direct combination of P-values.[34]

One-Sided or Two-Sided P-Values

The usual convention in drug regulation is that a result is

accepted as significant when the two-sided P-value is less

than 0.05. In practice, however, the regulator will not

register a new drug if it is significantly worse than the

comparator, whether this is a placebo or a standard

treatment. Consequently, one might suppose that if y
represents the difference between the experimental drug

and the comparator (defined in such a way that low values

of y are ‘‘good’’), then in a hypothesis testing frame-

work, the practical problem is to decide between pairs

of hypotheses:

H0A : y ¼ 0; H1 : y < 0

or, more realistically, between:

H0B : y � 0; H1 : y < 0

This corresponds to a one-sided testing situation and

hence one might suppose that one-sided P-values would

be more appropriate.

To the extent that two-sided P-values are calculated by

doubling the one-sided P-value, this makes no difference

because the values commonly adopted for significance are

merely conventional. Faced with a sponsor who wished to

use one-sided P-values, the regulator could accede to the

request but then simply insist on using 2.5% as the

threshold for significance. The practical effect would be

the same as using a 5% one-sided test.

A technical difficulty and possible inferential contro-

versy arises when using test statistics whose distribution is

not symmetric.[28] For example, suppose we want to test

whether the mean l of a random variable X with a Poisson

distribution is equal to 13, against the hypothesis that it

is not. We take a single observation and observe X = 6.

The exact one-sided P-value is P(X 6|l = 13) =

0.0259. If we double this, we get P = 0.052. However,

we could instead consider what would constitute a value

as extreme or more extreme in the other direction. There

are various ways we could define extreme. One might be

on the basis of the ratio of the likelihood given the

maximum likelihood estimate to the likelihood under

the null. This, for given X = x, is LR = el� x(x/l)x and

for the observed value of six this yields 10.6. However,

for x� 22, LR� 13.1, whereas for x 21, LR 7.9 so

that values of x� 22 should lead to rejection of the

hypothesis. However, P(X� 22) = 0.014 so that using

an approach of adding together tail areas, one would

have P = 0.026 +

0.014 = 0.04.

This difficulty must be counted as a further inferential

drawback of P-values. In practice, a rule that has many

advantages is simply to double the one-sided value when

a two-sided value is wanted.[35]

Problems with Discrete Data

Part of the problem with the Poisson case above concerns

the asymmetry of the distribution. However, a further part

of it has to do with the discrete nature of the data. This

causes difficulties for hypothesis testing also in that a

particular target Type I error rate (say 5%) may not be

attainable unless, as part of the decision rule, an auxiliary

randomization device were used.[36] For instance, return-

ing to the Poisson distribution of the previous example,

suppose we are interested in testing the alternative

l < 13. If we reject if X 7, the Type I error rate is

0.054, whereas if we reject if X 6, we have an error

rate of 0.026 (as discussed above). However, suppose

we have an auxiliary random variable R,U(0,1), a device

692 P-Values



first suggested by Tocher,[36] note that (0.05� 0.026)/

(0.054� 0.026) = 0.86. The following rule will give a

Type I error rate of 5%: reject if (X6)(X = 7\R0.86).

Of course, in practice, no regulator will accept such an

arbitrary external randomizing device but it should be

noted that methods, such as hypothesis testing, which

themselves make use of the sample space to make de-

cisions, use a partially arbitrary internal randomization

device (see Ivanova and Berger[37] for a particularly

marked example). Be that as it may, it is at least a

theoretical possibility in the hypothesis testing frame-

work and one which has at least one possible appli-

cation, namely that of comparing different tests in terms

of power in a way that avoids distortion because of

particular significance levels that one test or the other

test could attain.[38]

If it seems repugnant to use an auxiliary device for

testing hypotheses, it will seem even more so for

calculating P-values. However, the analogous strategy

would appear to be to calculate the probability of ob-

serving a result just more extreme than that observed and

add some random fraction of the probability of the result

observed. Clearly, in practice, no one will do this. How-

ever, alternatively, if one imagines that a ‘‘remote

scientist,’’ who may have a different habitual Type I er-

ror rate to the trialist, would like to use one’s own

auxiliary device, one will need to provide two P-values:

P(T  t) and P(T < t), where t is the observed value of

the test statistic T. These two P-values are sometimes

used to calculate a third value, as will now be explained.

The ‘‘lumpiness’’ of testing that accompanies discrete

data carries over into P-values. In particular, where

combining P-values is important, this can be unfortunate.

However, the distributional properties of P-values can be

improved by calculating a so called mid P[39,40] as

{P(T  t) + P(T < t)}/2. This has theoretical advantages

over the classical P-value for this purpose but in practice

is little used.

Multiplicity

Where many significance tests are being performed at a

common level of a, the probability of at least one being

significant is greater than a. If it is desired to control this

family-wise Type I error rate, then it will be necessary to

adopt some special scheme, perhaps a predefined order of

tests, some adjustment downward of target levels of

significance or some adjustment upward of P-values. This

is a vast and controversial topic.[41,42] There is no general

agreement that such adjustments are sensible. However,

of all the approaches, the upward adjustment of P-values

seems the least satisfactory in that it is the one that makes

it most difficult for any ‘‘remote scientist’’ to come to an

independent inference.

CONCLUSION

A possible historical interpretation is that P-values

represent a way of discussing compatibility between null

hypotheses and data, which, although not without logical

difficulties, is so intuitively appealing that scientists in all

areas have tended to use them. Just how natural this way

of thinking is may be illustrated using an example from

a paper criticizing P-values. In his interesting article,

Matthews not only urges scientists to abandon P-values

but also considers some aspects of scientific honesty and

reporting. In discussing Millikan’s famous determinations

of the charge of the electron he writes, ‘‘the discrepancy

is so large that the probability of generating it by chance

alone is less than 1 in 103.’’[43] However, he might just as

well have written P < 0.001 because this is exactly what

is reported here.

It seems that P-values are one of the ways we choose

to look at data and models: the most popular and the least

respectable. They are perhaps the ‘‘pulp fiction’’ of

statistical inference—shallow but not completely without

merit. However, there is no denying that they can be

dangerous, that where we have well-structured problems,

we can do far better, and that the current degree of

reliance on them in medical research and drug devel-

opment is to be deplored.

FURTHER READING

There is a very extensive literature critical of P-val-

ues. The papers by Berger and Berry,[44] Freeman,[45]

Goodman,[46] and Matthews[43] are particularly read-

able introductions. See also papers by Johnstone[47]

and particularly Berger and Sellke[48] for more de-

tailed criticisms.

Royall[23] specifically considers the effect of sample

size on the meaning of P-values, a point that was fam-

ously dealt with by Lindley[21] (but see Bartlett[49] for a

necessary correction). A classic paper proving the in-

compatibility of P-values and the likelihood principle is

that of Birnbaum.[50] An excellent and thorough overview

of likelihood methods is the book by Pawatan.[28] For a

general discussion of the Bayesian and likelihood ap-

proaches to inference and the possible role (if any) of P-

values, see the book by Good.[25] An important paper

discussing the use of significance tests in general is that of

Cox.[26]
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There are rather fewer papers defending P-values.

Barnard[40] (despite being the author of the likelihood

principle) finds a limited use for them. Senn[51,52] gives

a lukewarm defense. Whitmore and Xekalaki[53] con-

sider an extension of the P-value concept to consider

the predictive validity of models. One of the best dis-

cussions of approaches to combining P-values from a

number of trials is the article in German by Onne-

man.[32] Another important paper on this topic is that of

Birnbaum.[54]
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